" 8 80MNRAS" 7 4 OR - . 4 72A 


I472 Prof, Adams, Investigation of the Secular xl. 8, 

lof the observations now in progress at the Arkley Observatory 
should form a sequel to the present communication, and thus 
afford a complete solution of the great problem of determining 
the solar parallax from the parallactic inequality in the motion 
“ 'of the Moon. 

ArTcley Observatory : Barnet, Herts, 

1880, May 13. 


Investigation of the Secular Acceleration of the Moon's Mean 
Motion, caused Toy the Secular Change in the Eccentricity of the 
Earth’s Orbit; talcing into Account Terms of the Order of m 4 , but 
neglecting the Eccentricity and Inclination of the Moon’s Orbit. 
By Professor J. C. Adams, M.A., F.R.S. 


As the question of the Moon’s secular acceleration has lately 
been again brought before the Society, I have thought that it 
might not be useless or without interest to communicate an in¬ 
vestigation of the two leading terms of that acceleration which I 
gave many years ago in my lectures on the lunar theory. 

1. Let r, 6 be the polar coordinates of the Moon at time t, 
t dd 

u — -, H = r 2 -—, u the sum of the masses of the Earth and Moon; * 
r dt 

also let m! be the mass of the Sun, r', 6 ' its polar coordinates, a r 
the Sun’s mean distance, n! its mean motion, and e' the eccentri¬ 
city of its orbit, A' = n't +1' its mean longitude, and <p' = n't + e' — to' 
its mean anomaly. 

Then the equations to be satisfied are 


d 2 u _ jii _ i_ m! ^_3 nt 
dd 2 U H 2 2 H 2 wV 3 2 H. 2 u 3 r ' 3 


cos 2 ( 0 — 0 ') 


+ 3 Ei —sin 2 ( 0 — 0 '), 
2 H 2 wV 3 dd V ’’ 


and 


4(1!) s 2 ( 0 - 6 '). 

d 0 2 uY 3 


Also, by the formulae of elliptic motion 

— = —V = n n f i + 3 yz + 3 ^ CO s $' + ? e ' 2 cos 2<p'\, 
r' 3 a' 3 \r'/ L 2 2 J 

% c ° s 2 ( e - 1 =5i(^) 3 c ° s 2 ( e - 


=s- tl' 2 <£^1 — C0S + COS ( 2 ^— 2\' — <//) 

— ~e r COS (20 — 2\' + <//) 

2 

+ COS (20 — 2\ f — 2(f) ^ 
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Acceleration of the Moon’s Mean Motion etc. 


m 


l sin 2(0-0') -ytX&W-V) 


a f \r‘ 


= --e' 2 ^ sin 2(0 — >A f ) + ~e' sin (20 —2A/ —^>') 


— -e f sin (20 — 2 \ f + <f>') 

2 

+—e f * sin (20—2 A/ —24/\. 
2 J 


The angles involved in these expressions are formed by com¬ 
bining the angle 20 —2V with multiples of <p\ 

For our present purpose we may omit the terms which in¬ 
volve 2<p f . Also, for the sake of brevity we may write 

n't instead of ?it + e' — <a' or <p 
20—2 n't instead of 20—2 (nt + e') or 20— 2 k', 

20 — 3 n't instead of 20 — 2 \' — <£', 

20 — n't instead of 20 — 2A + <p', 


since no ambiguity can arise from this abbreviation. 

Hence our equations become 

d 2 u , fi 1 n ' 2 f , 3 .o , „ , .,1 

» +, ‘-H-iHw{ ,+ r +ycos, “} 

_ 3 n — / /j _ 5 g /2\ eos (20—2 n'f) + -e' cos (20 —3 n't) 

2 H% 3 \\ 2 / 2 

— cos (20— n't)^ 

+ 3 . ~— f (1 _ 5 e /2\ g j n (2$ _ zn't) + -e' sin (20—3 V) 

2 H% 4 c?0\V 2 / 2 1 S' 

— sin (20 — , 


and 


< 2 (H 2 ) 

d0 


— 2A. ^ ^1— 5 e' 2 ^ s j n (20 — 2 n't^ + ^e' sin (20—3^^) 

e' sin (20—. 


2. After these preliminaries, it will be convenient to begin by 
finding the relations between the actual mean motion n of the 
Moon and the constant parts of u and H 2 when these quantities 
are developed in the form we have adopted, carrying the approxi¬ 
mation as far as terms involving mV 2 , on the supposition that 
e' and therefore also that n is constant. 

L L 
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! For this purpose it is sufficient to take 

tot + e = 0+ 2 me> sin »Y— ni 1 ^ I—- e' 2 ^ sin (20— 2 n't) 

—~»iV sin (20 — T.n’t) + — mV sin (20—wY), 
i6 16 

« = ' ( 1 ~ cos «Y + i — |e' 2 ^ cos (20—2 n't) 

+ 2. wjV cos (20 —3 n't) —^ mV cos (20 — n't) j>, 

which are readily derived from the equations of motion. 
Differentiate the first of these equations and put 


XL. 8, 


IV 


— m, 




-TI — 3mV cos lit — — 7/d 3 /" i — — a'Acos (20 — 2?it) — -waV cos (2# — 3^) 

^ 4 \ 2 / 16 

4 “ mV cos ( 26 — 

= 1 — — ^ 2 ( 1 —— e' 2 \ cos (20— 2 n f t) —^ mV cos (20—3 n't) + ~ m Veos(20— n't), 

4 \ 2 / 8 8 


or 


cZ0 


= 1 4-9mV 2 H- 3 mV cos cos (zQ—zn't) 

—cos (20—3»Y) + Hj%v cos (20—wY), 
o o 


since the other terms only give rise to terms of higher orders 
than we have here taken into account. 

Hence 

n 2 = (~Y = »"Y- 


; n't 


4 /dty 2 

\u 2 clt) lv \dB/ 

= n 2 a 4 {1 + $m 4 (i — 5 ^ 2 ) +—mV 2 + ^^mV 2 4 - - mV 2 + 6 mV cos i 

4 4 4 

- 4 m 5 (i -|/ 2 j cos (20-2 wY)- I4»jV cos (20-3?jY) + 2mVcos(20-»Y) 

x /1 — 9mV 2 + ^»iV 2 + S^m 4 (i — Ce' 2 ) + ITlfl m \ e ‘i + 3^3 m 4 e /2 

f 2 32 128 128 

-6m 2 e' cos n't+—m 2 (i—$e ,2 \ cos (20— 2 ?iY) + £2mV cos (20—3»Y) 

—h^-mV cos (20—wY)^>; 
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!J6r, by actual multiplication, 

I; 

'll" = n‘ 2 a 1 <f 1 + 523 m 4 ( 1 — <e' 2 ) + . I 4p^3 wt y 2 _ 18 m V 2 — 1 im 4 ( 1 — Ke' 2 ) 
lSl >- 3 2 64 v 0 ' 

H l 

—532 mV 2 —— mV 2 + 3 ^ 2 /1—5 e'A cos (20 — 211 't) 

4 4 2 \ 2 ) K ' 

+ —mV cos ( 26 — 3 ?^)—3 mV cos (20 — k7) \ 

4 4 J 

= n 2 a 4 I + 424 m 4 ( 1 - $e' 2 ) + 4434 mV 2 + 3 m 2 ^ 1 — 5 e' 2 ^ cos ( 20 — 2n't) 

+ — mV cos (20 — j/i't) — 3 mV cos (20— n't) >. 

4 4 J 

Hence the constant part of H 2 is 


n%' 


/1 + 421m 4 + mV 2 1, 
L 32 64 J 


n being the actual mean motion. 
Hence 


~ = Jt-f 1 —121 m 4 (i — 5 e' 2 )— 413 1 mV 2 + 2m 4 ( 1 — ga' 2 ) + 441 mV 2 + — mV 
H- «V 4 L 32 J 64 8 32 32 


!* 


^1 — 5 6 ' 2 ^ cos ( 20 — 2 n't)— 2 i mV cos (20—^n't) 


+ 3mV cos (20— 

1 —425 m 4 (i —5e /2 )—3234mV 2 —3m 2 /i —5e'A cos (zO—zn'f) 

n 2 a 4 l 32 ' ' 64 2 V 2 / v ' 

—24 mV cos (20—3^) + 3 mV cos (20— 

4 4 J 

and therefore the constant part of is 

H 4 


iL 

i.2 /y.4 




1 1 32 64 J 

3. Also 

~-f = 4 i 3 mV gi n n 'f _ 2 rri 2 ( 1 — 5 e'A sin (20 — zn't) 
dO a I 2 \ 2 ) K ' 

— 7mV sin (20 — 3 «V) + mV sin (20—w7)J>, 


and 


d 2 u 1 
cW 2 


= 4| — 4 m 2 ^i — |e' 2 ^ cos (20 — 2n't) — 14 /rtV cos (zO—^n't) 

(20—w^)j> ; 


4 * 2 .Ytvtf COS 


L L 2 
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1 S 1 

■lllso 

loo 1 

H I 

_^L ss—S i + - mPe cos rit—-m 2 ( 1 —5 s'A cos (2d —2 n't) 

H¥ a l 2 2 \ 2 J 


_63 


m‘e 


’ cos (2 9 — 3 n't) + - m~d cos (2 0 — n't)^, 


and 

n ' 2 du m 2 


H% 4 <Z» 


= — •£ —2m 2 ^l— ^e ,2 ^sin (20— zn't)— 7wV sin (20—3#^) 

+ 01V sin (20—»'#) ^. 

p substitntin uafeio® end erans- 


t 2n noEL +a 
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Inconstant (or rattier the non-periodic) parts of u and of H 2 may 
jaiave the same forms as before, and in this case we shall find the 
j^ame relation between n and a as that which has just been found, 
| and n will continue to signify the actual mean motion at the time 
“to which 6 belongs, but n and a will now become variable quan¬ 
tities, and, in order to satisfy our equations, it will be necessary 
to add certain periodic terms to u and H 2 which would not exist 
if e' were constant. 

Suppose then that 

u = -< 1 + 8 v— -m 2 e'cos n't+ m 2 ( 1 — cos (20 — 2 n't) + -mV cos (26—3 n't) 

CC 2 \ 2 / 2 

— i wV cos (20— n't) |, 

and 


IP = n 2 « 4 1 + 2S7] + m 4 + m'd- + ^ m 1 — ^ cos (20—2 n't) 

+ —m?e' cos (20—3«'r)—3$aVcos(20— n't)\. 

4 4 J 

We will suppose e' to vary uniformly with the time, and very 
slowly, or, in other words, we will suppose 


rip' rl 2 /-' 

— to be constant, so that -— = o, 

dt dt 2 


and we will neglect 


/dd \ 2 
\ dt) ‘ 


cle' . 


We must therefore recollect that —— is not constant, but is 

dd 


equal to 


dd dt _ 1 dd 
dt ’ dO JI u 2 ’ dt 


— ~ <f1 + 3 »i-d cos n't — — m 2 cos (20—2 n't) — — mV cos (20— ^n'f) 
nat 1, ^ o 

4 ~m 2 c f cos (20— 


fl i / 


5. In consequence of the variability of e\ will contain the 


additional terms 
1 

H u 2 


1 1 f da 1 o de! u „ «,dc' , ,, 

-— . - <--— ^m- — cos n r t— %m-(S — cos (20— 2>i ) 

lit 2 a\ ctdt 2 dt 0 ^ ' 


dt 


7 ^' 


4- ~ m 2 — cos (20 — 3 h 7) — - cos (2 

2 dt K ' 2 dt v / 


1 d t Bv 
+ a * (£0 
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XL. 8, 


I#? 


! J_ / _ ( tiL — 3 -^ e cos n't — V -f cos (20— 211't) + 2 cos (20—3»V) 

! an\ adt 2 dt * dt K 2 dt 

i (zQ—n't)^ 


1 o <y 
- - m z — cos 

2 dt 


I d . 

+ a * e?0 ’ 


to fclie order of approximation required. 

Therefore also will contain the additional terms 
cld 2 

— / iomV— sin (20 — 2?^) — 7m 2 — sin (20 — 37^) sin (2 0 — ^ 7 ) 

an l dt dt dt 

+ 10mV— sin (20 — 2 n f t)~ sin (20 — 3^) + sin (20 — 

dt dt dt J 

I d 2 . $v 

a d6 2 

neglecting 


(da \ 2 t 

—, (, and also m 3 — 
dt 2 ' \dt) ’ dt 


in the coefficients of the periodic terms. 
Hence 

d 2 u 


dO 2 


+ u 


contains the additional terms 

lf*±±” + 9vX 

a L 


dP 


/ 


+ JL/ 2 omV— sin (2d-2n't)— 14m 2 ^ sin ( 20 — 3 n't) + 2m 2 ^ sin (20— rit)\. 
an L dt dt dt J 


Al an Jt contains the additional term 
H 2 


-A- r —2&t)""|. 

L J 


The other terms which enter into the first differential equa¬ 
tion receive no additional terms of the order to which we restrict 
ourselves. 

6 . Also differentiating the expression for H 2 , and including 
terms of the order 


mre 


.,de! 


dt 


in the non-periodic part, but only those of the orders 




dt 


1 of d& 

and m 2 e — 
dt 


© Royal Astronomical Society • Provided by the NASA Astrophysics Data System 





'cm 1 
■r i 


^une 1880. Acceleration of the Moon's Mean Motion etc. 479 

1^1 

!> the periodic part, we have the following additional terms in 

!^(H 2 ) . 

;lj ~W ’ Y1Z ’ 

■oo 1 

131 » 4 1 / 2 dn , Ada , 2421 . 1; „eV 7 «' . . 


21 


, dc' 


+ cos ( 2 e ~ 3^) — cos (20—?&'*:) J. 


+ » 2 « 4 


{ 


2 


/ * 


Also the right-hand side of the second differential equation con¬ 
tains the following additional quantity :— 


viVa^v] 1 3 sin (2Q-2n't) + ~e' sin (26-3 n’t)-h' sin (20-n'3)j>, 


which, as we shall immediately find, contains non-periodic terms 
of the order 

* ,de* 
rrde —, 
dt 


Hence, taking the periodic parts of this equation, we have 

2 —* ^ = -*T—cos (20—2 n't)—— m 2 — cos (20—3 n't) 
de n l 2 dt v 7 4 dt v 0 7 

+ 4 cos (20 —m'^)} ; 

2(8?}) = i (g gin (20 _ 2 m'£) - H ^ S i n ( 2 0 - 3n '*) 

» L 4 dt 8 dt 

+ |»t 2 ^ sin (20— 

7. Substitute this in the first equation, putting, 

JL = 1 

Vp’O? 

in the coefficients of the periodic terms, as these are only required 
to the order of m 2 , and we obtain 

- ‘ f" + So = 2 om?e'^f- sin (20-2?^)-14m 2 ^ sin (20~3»'A 

au* n l at 

+ 2 ?n 2 ^- sin (20 —+ sin (20 —2^) 

at 4 

~ ^ m2 ^7 s i n (20 — ^ sin (20—?i7) \ 

o o at J 

= — i ■/"— tn 2 e' sin (20 — 2 n't) — £33 m 2 sin (20 — 2 n f t) 

n L 4 dt 8 dt 7 

Su = - -f 93 sin (20 —2w'z!) —d 3 o }n 'If £ j n (20 — %n't) 

n L12 dt s 7 24 dt v 01 

+ £9 de g - n ( 3 0_ \ 

24 dt K \/ • 
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1^1 

" ! Substitute this value of cv, and also the value of viz, 

1 s±u 

■ - <f i + 3 mV cos n't — — m? cos (2d—2n't) — — mV cos (2d~^n't) 

J !}l 4 o 

+ ^ mV cos (20 - n't) \, 

8 j 

for that quantity in the second differential equation, and equate 
the non-periodic parts which result from this substitution, 

. + 4* + 242i mV ^ + i6S m v g 


or 


qc . ,de f 031 , ,dd iQ Mi ,de f 

2 8 ac 8 at 

2dM + ,da + g 63 mie ,df _ _ 28 s mV ^ 

16 dt 4 a£ 

^ + 2 ^ = _ 2 I 03 MlV ^'. 

32 dt 

8. The substitution of the values of 8u and §»? in the first differ¬ 
ential equation introduces no non-periodic terms depending on 

consequently the value of remains of the same form 

before. 

Hence 


+ — m 4 +m 4 e' 2 ; 
32 64 


as 


| = -m 2 { 

'«+ 3 ^ 

} 2 V 

V 2 yi 

= - m 2 ( 

i + M 

2 V 

. 2 J 

, „ da 
adi 

— ^m 2 e 

2 


smee 


-^ y/4 —-y/fc- I-- l 

32 dt \mdtj 

= _(' 3 mI+ iI 23 OT .'\^*' + W^V 

\2 32 / cfe \W 


, . dm dii 

m ss and ,\ —=- = — 

?&. m<# to? 


n f being constant. 
Hence 


«*—«a +# a- -1 

^ 3 m s + II ^ 3 m 4 ' 1 

) dt * 

also from above 



- dn t r da 

3 - H b —- = 

6309 , ,<V 

ndt adt 

32 

dt ' 

“--Ta = "I 

^3/ft 2 — 

•4 
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jand 





i§i 

,S, 

i± = -1 

1 

)e'^; 


■oo 1 
■col 

ndt 

V 32 / 

dt 


H l 

• 

2= | 

f 3 ^_ 377 i w A 

,de' 

| 6 - - 

2103,, . ,de 

-- m*e — 

• 4 

adt 1 

32 ) 

dt 

32 dt 


= 1 


' (ft ’ 


or 

da = 

n m 2 2 q Vm* 

W*'. 



adt 

U 32 , 

/ dt 



9. These equations give the rate of variation of the quantities 
n and a. We will now show that n denotes the actual mean 
motion, as it did when e' was constant. 

From the values of u and II 2 we find 


dt 

cTe 


=-i-. =1 /1—281; —+ 3^'Vcos n’t— — m 2 ( I — cos (20 — 2 n't) 

H u 2 n l 2 4 V 2 / 


— 22 mV cos (20 — 3^7) + tXmV cos (20—l 
8 8 J 


11 


»/a\ 


or 


7 — a i + 2 m^e n + 3 mV cos n't —— m 2 ( 1 — 5 cos (20—2^) 

<Z0 2 4 V 2 / v 

—22 m v cos (20—3 n't) + ~mV cos (26—n't) 
8 8 

—-4?5 m-c’ — sin (20— 2 n't) + m 2 ( -f sin (20—3»7) 

24 ndt 48 ndt 

—sin (20— n't). 
48 ndt v 1 


Divide by 


1 +^m i e ' 2 + 3*»V cos n't 


and take into account mV 2 in the non-periodic term, 


^<(i-3mVcos nt)> - i-“«i 2 (i-|e' : ^ cos (20-2 n't) 


•— 'iirt COS (20 — + wV COS (20— w7) 

8 8 


— sin (lQ — 2n f t) 

24 ??r/Z 

+ sin (20—3^'Z) — sin (20 —ft'tf), 

48 wefc v J 7 48 ndt \ 7 ’ 
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ndt = O + ^md sin« 7 — ^m 2 ^i — sin (20—2 n't) 

_ 7 f m 2 ( / gj n (20— 3 ^ 7 ) + ^ mV sin (2 6—n't) 

16 16 v ' 

+ 3 -^-cos» 7 +^^mV^- cos (20— 2n't)— m 2 cos(20— yi't) 

°ndt 24 v 48 ndt ^ 0 1 

+ $9 m" ----- cos (20— n't). 
48 ndt K ’ 

Hence 6 differs from ndt by periodic terms only, which 
proves the proposition. 

The value of above found agrees with that found 

ndt 

in my paper published in the ‘ Philosophical Transactions ’ for 

1853. 


Note on the Constant of Lunar Parallax. By Professor J. 0 . 
Adams, M.A., F.R.S. 

Prom the report of a discussion which took place at a late 
meeting of the Society, I have reason to believe that an ex¬ 
planation of the apparent discrepancy between the value of the 
constant of parallax given by me in the Appendix to the Nautical 
Almanac for 1856, and in the Monthly Notices, vol. xiii. p. 263, 
and the value of the constant found by Hansen in the Introduc¬ 
tion to his Lunar Tables, may not be unacceptable to some of 
our members. 

It will be proper to begin this explanation by recalling to 
mind that my formula, in the article of the Monthly Notices 
above referred to, does not represent the parallax itself, but 
rather the sine of that quantity converted into seconds of arc 
by dividing by sin 1 " or, which is the same thing, by multiply¬ 
ing by the number of seconds in the arc equal to the radius. 
The employment of the sine of the parallax instead of the paral¬ 
lax itself appears to be desirable both on theoretical as well as 
practical grounds. 

In the first place, the sine of the parallax, being proportional 
to the reciprocal of the radius vector, is the quantity given 
directly by the lunar theory, and, in the next place, it is the 
same quantity which is wanted in the reduction of lunar ob¬ 
servations. 

What I have called the constant of parallax in the papers 
above referred to is, then, the constant term in the expression 
for the converted sine of the parallax, supposing the periodic 
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